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VORTEX INTERPRETATION OF THE THEORY
" OF FUNCTIONS OF A COMPLEX VARIABLE

I. S. Arzhanykh
Central Asia State U

@he following is & digest »f a work which represents novel mathe-
matical representations of interest to hydromecha.nics and : erodynam-
ics. The author's proofs are eliminated hereJ

"'s{si,'

The theory of functions of a complex variable is a powerful tool in the
study of two-dimensional potential flows of an ideal incompressible fluid. It
is completely natural to raise the question: Does there exist a clacs of three- - e
dimensional flows which can be studied with the aid of the theory of functions
of a complex variable?

It 1s easily shown that the potential motion of & holonomic system in a
configurational space is the projection of a vortex from a space with the num~
ber of dimensions one greater than the natural space of the system (see Arzha-

' nykh, Iz Ak Nauk Uzbek SSR, No 3, 1949).

In applications to hydrodynamics, this theorem permits one to construct a
wide class of vortex flows in three-dimensional space vhich are defined by a
function of "a complex variasble. -Moreover, the theory of functions of a com-
plex variable acquires a vortex interpretation. '

Theorem 1

The class of three-dimensional vortex flows ~f an ideal incompressible ho-
mogeneous fluld under the action of potential forces corrésponds to an analytic
function FI4,t) = @(x,ut)+ipbyt gof a complex variable ;_x+,.,g, which de-
pends on time f as a parameter. If fx,gy,t)=c sand g (x5 t—) b, namely the
integrals of the system of differential equations x—-acP/ax a.nd q— aa/au. then
the velocity fileld of the corresponding class of flows will be:
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W= af/ax ) vy-—-agp/ay, Vzmx (t)+h (f,]) (1)
and the vortex f£ield will be:

Q=2L.5f 4 oh 30 [ __2hof _pn.o9, $_ o,
IF ox

X o Gy T 9g 3¢y Y ox  Ig (2)
Pressure is defined by the formula: _
f=¢(*)_ﬂig+ﬁ”—ﬁ&/g/2+zf% (3)
and the surfaces on which the particles of the fluid move will be:
(1) wings: f(x, it)=a, 57(X,y12")=b (+)
(2) body: Z=/%mU$+ﬁbﬁy}+w%ﬂ (5)

vhere X ,6‘,/7, ¢ are arbitrary functions.

Theorem 2
To an analytic function of a complex variable /(4 )=P}=&§0corresponds a

class of three-dimensional stationary flow of an ideal incompressible homoge-
neous fluid:

Y—ivy = dF/dE, v, =6( W) (8 arbitrary finction) (6)

"Flow 6 is everywhere vortical:

— dE . dI = 0.
£ —e 2, = 77 E 2 =0 (M
Pressuré:
p=c+pl—d jdFr)dc)/* (8)

the flow surfaces consist of two fauilies:
(1) ving: ¢(x,y)=®.
. —_ g 2
(2) body: z—-e(;u)ff/a’(/a’/r/ q’F/;I=-a/:w(;ﬁ), (9)
Theorem 3

In order that the surface 2=V 6(,(/)+c can be considered as a fuselage
for a givea wing (x,q):a, it I8 necessary and sufficient that the function
be satisfied by the following equation:

D (Dg)/Dty), ¢ }[D(xg)=o. S

Theorem k4

The set of all fuselages, represented parametrically:
x = a4 o W/38, y=,8—dW/ag£,_z=a~aw/a,8 (11)

possesses the property that the function W{o{,,ﬂ) satisfies the following bth-
order partial differential equation:

K

-2 -

wrgg T

CONFIDENTIAL

4

00360091-1

R

50X1-HUM




Ll

Sanitized Copy Approved for Release 2011/07/22 I-RD80-00809AOOO6QO30091-1‘

\ ) o
..

SOARREATIA T
D(2,o)/D(x.8)=0 (12)
vhere o—=(@+ aM//&o(,ZmA/B

=2 W O 1% Uy 5 22y
4 [(/_29«9,6)&-« 4 da2 T 982 i 2‘(7'/'07«92 )]""
= 7 92 7 2
FL & SE) g 0457

B=1+55] (1 2% A (14 20 )+ (824)7]

_ W 92m  rorw2
(WéereA—-7+a“2 'a—/s*a —_ éa-é’,é) ),

Examples

Consider the function F=2»%»4ﬂ; » corresponding to & source in two-
dimensional motion. Here the vwing can be taken as theix ~plane, and the fu-
selage as a paraboloid of rotation. The flow lines are defined by the inter-
section of the planes, passing through the Z-axis, with the paraboloid. The
projectica of flcw on the Xy -plane is the well-known potential two-dimensional
flow near the source. LThe original article, available in CIA , shows a photo-
graph of a model of the flow surfaces for this fu.nction;7

Consider another simple example: /. =2£m7; 42 . Here the wings are cir-
cular cylinders (with theZ -axis), and the fuselage is a helicoid. The pro-
Jection of flow on the Xy -plane is the well-known planar flow near & point
source: ﬁhe original gives a photograph of the model;7
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